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ABSTRACT

30 4 s
After a discussion of some currently available
mociel atmospheres, errors in orbital prediction and
the optimum selection of smoothing interval are
examined. Studies of analytic methods for computing

orbits of satellites subject to drag forces are slso

reported. /4/1&7)
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FINAL REPORT

EARTH SATELLITE ORBIT COMPUTATIONS
Part II -~ Atwospheric Effects

INTRODUCTION

In this part of the report we will consider several specialized
topics relating to the effects of atmospheric density on the computation
of satellite orbits. Some of the model atmospheréé_currently available
will first be discussed. Then a theoretical model for the errors in
orbital predictions described elsewhere will be compared with the errors
in actual predictions for reveral satellites and epplied to estimate the
possible improvement which could be made in orbitel predictions by
introducing & sinusoidal variatioﬁ into the predictions. Next, the
optimum choice of smoothing interval for computing definitive orbits of
artificial satellites will be discussed. Finally, we will present the
results of efforts to develop a general perturbation method in which
drag effects are included. Two papers prepared in the course of this
study are included as appendices. -

Principal contributors to the study of atmospheric effects have
been W. Ganzel and K. Moe.

Editorial responsibility for preperatiocn of the body of the report

has been assumed by O. X. Smith.
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1. THE MODEL ATMOSPHERES

During the first two years after the launching of Sputnik I,
many model atmospheres were proposed. These were all static models
because there was as yet little data available. As more data became
available it was possible to detect syutematic variations and discover
some of the'correlations which exist between atmospheric density and
various solar and geophysical phenomena. As a consequence, most of the
model stmospheres proposed in the past two or three years have been
dynamic (or time-varying). The leading workers in the construction of
these models have been W. Priester, L. G. Jacchia, H. K. Paetzold, ai.l
M. Nicolet. The dynamic model atmospheres available in 1961 were
compared with the orbital accelerations of EXPLORER VI in the Tinal
report on that orbit. None of the models available in 1961 agreed
well enough with the observed satellite accelerations to be considered
satisfactory. Paetzold's 1962 model [4] became available during the
construction of the EXPIORER VI orbit, so it was also compared with
the observed accelerations, and i1t was found to agree within the
standard deviation of the derived densities sbout TO per cent of the
time. Jaccia's new mﬁdel was 4t used because it did not include as
many known correlations as Paetzold's. Priester and Harris' new model
was not yet available when the study was made.

Because of the éoo& agcreement between the orbital acceleration
of EXPLORER VI and Paetzold;s model, this seems to be. the most satis-
factory model. In it the atmospheric density is a function of the
altitude, time of year, local so;ar time, decimeter solar flux, and

geomagnetic planetary amplitude. The first quantities can be derived
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from the tracking data, but the last tﬁo_must te obtéined from solar and
geomagnetic observatories, respectively. Paetzold's model employs msny
tables, but polynomials may be fitted to the tabular data in order to
reduce the computer storage requirement. PFurther researca Is needed to
determine how well the decimeter solar flux and geomasgnetic planetary;
amplitude can be predicted, and how bnst?tO»make such predictions.

During the study of Paetzold's 1962 atmospheric model, several
errors and omissions were d.iscovered. In equation (6), the cloaing
parenthesis was omitted after'S (n); and the sign before g(zoo,h),
should have been negative. In the second line of equation (6a),

a(n) gfa) should probably be P(F, h) g(a). -
A.p is expressed in units of 27, not T ’

The table of ei(h) doés not extend as far as is needed. Below-
300 km, use es,mm (n) for 8, (h). Avbove TOO km -extraibolate nnegﬂy_. o

A comparison of Pae%zolﬁ's equaticn (1) with the general
expression for rate of change of period revéals thal he has -assumed that
Cp = 1.813. Since Paetzold only analyie_d satellites which ;ha.d .beeﬁ aloft
for several years, in order to-ietermine the snnual effect and the effect-_

of the sunspot cycle, it would be desirable to teét his model egainst. the

‘orbital accelerations of various lov satellitss, -such as Spupﬁik III and

1ts rocket, Atias-Score, Transit III-B, Ranger I snd -IJ, and the two

Mercury orbital flights.
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2. ERRORS IN ORBITAL PREDICTIONS

The theory of errors in orbital predictions for natural
satellites csn be traced ultimetely tc the work of Gauss. The basic
~assumption in this theory is that the errors ax. caused by randcm
errors of observation. This is 8 velid assumption since natural
satellites move in drag-free space. Artificial satellites, on the
other hand, are subjected to & large and fluctuating atniospﬁeric drag.
A tneory of errors in orbitel predictions for artificial satellites
n;st therefore consider the effect of fluctuating drag, in addition
to the cbservational errors. Such a theary is given in [2] and [3],
and is applied to the orbital predictions for the TIR0OS and Vanguard
satellites in Append:bs‘l.

This theory has also been applied to the problem of
@etemin'iwg kow amch improvement could be made in orbital predictions
. if the predicted atmcspheric de_nsity were allowed to vary with the
27 day period which is known to exist in atmospheric density. EXPLORER IV
wa.s chosen for .the’example because data on it was available. The rate
of ch;a;)ge of period of EXPLORER IV was -2.15 x 16“3 minutes/revolution;
thg height- of perigee was lhz_nautical miles; the height of apogee was
1,190 neutical miles; and the period was 109 minutes. The duration of
the prediction was N = 165 revolutions, measured f-'om the center of the_
. smoothing interval.. The smoothing interval was estimated tc be 100

‘revolutions. The three comtributions to the error in an orbital
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prediction were calculated from [3] to be: an observational error

o(N) =2.h x 1072 minutes, a random error R(N) = 2.95 minutes, and a

sinusoidal error S(N) = 2.3 minutes. The total error found by combining
thesé three contributions, which were considered independent. was

Em(N) = 3.7 minutes., (The actual rms error of eight predictions issued
by the Vanguard Computing Center was 3.2 minutes.) The theoretical error,
with the sinuscidal error removed, was 2.95 minutes. Thus the percentage
improvement which could be expected if a sine wave were included in the
prediction is 20 per cent. Many satellites now .being launched have
heights of perigee above 400 nautical miles. The errors in predictions
for such satellites (except in the case of balloon satellites, which have :
a high area to .nia.ss ratio) are caused mainly by obgservational errors; so
no improvement could be made by adjusting their drag for the sinusoidai

variastion.
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3. THE CROICE OF SMOOTHING INTERVAL

If the errors in orbital computations were caused only by
observational errors, one would expect that the crbital accuracy could
be improved without limit by employing & longer and longer smocthing
interval. However, the accuracy of artificial satellite orbits is often
made poorer rather than better by increasing the smoothing interval,
because of the fluctuating air é.rag. The choice of a smoothing interval
then involvgs a compromise between introducing unreal fluctuations due
to observational errcrs, and concealing real fluctuations by doing tob
much smoothing. A theory of the optimum smoothing interval is '

presented in Appendix 2.
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k. DRAG EFFECTS IN GENERAL PERTURBATION METHCIS.

While the orb:tal perturbations produced by dreg are very important
for meny artificial sateilites, the psrturbations caused by the oblateness
of the eaith.ﬁave been much more extensively analyzed, partly because they
lend themselves to elegant matnematical treatment. Still, a number of
papers dealing with drag alone have appeared, and several of these were
examined as a first step toward éeveloping an analytic method for drag
and oblateness combined.

The methods proposed by Roberson [5] and Sterne6,7] vere given

most attention. Examination of Roberson's paper shows that the theory

presented there has several shortcomings. An exponential atmosphere is

assumed with the exponent varying linearly with the EES:-'QEEl of the
distance from the center of the earth. There is no evi’™ aut distinction
between orbits which dip into the atmosphere only near perigee and those’
which are so neariy circula: that they remain within the atmosphere at |

all times, though osculating elements behave quite differently in the two
cases. In addition, there are a number of errors in details of the analysis.
Sterne's method~is free from these difficulties and also allows the rotation
of the atmosphere and the spheroidal shape of the earth to be taken into
account,.if desired. For these reasons, and because of the favorsble
experience in éomputing satellite lifetimes [8] using approximations ba§ed

on some of Sterne's formulas, we selected Sterne's work as a basis for further

analysis and numerical tests.

Brouwer's paper {1] became aveilable after the study was well under

‘way and so was not examined in detail. This seems to be the cnly work which

undertakes tc include periodic, as well s secular effects; as a consequence,
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the resulting formulas are exceptionally éomplicated. They deserve further -
attention, however. In particular, the secular terms should be extracted
and compared with those obtained by other methods. Another feature of
Brouwer's work is that he is "concerned with the problem of attending to
oblateness pecrturbations and the drag effect in a single solution”

vhereas other authors treat the two separetely and superpose solutions.

Of course, superpositi&n is mathematically Jjustifiable as long as each of
the perturbations is not carried beyond the first order terms of an expansion

in some small parameter.
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5. NUMERICAL TESTS OF STERNE'S METHOD
In his analysis, Sterne introduces an osculating exponential

atmosphere with density given by

b= o, exp [-K(hh )]

where P, = density at pericenter

= height
h’t = height of pericenter

The reciprocal of the constant K is sometimes referred to as the "scale
height”. With c=Kae and the usual notation for orbital elements, expressions
<{or the secular rate of change of the elements are developed in two forms; ome
to be used vhen c is greater than (roughly) two and another valid for small c.
For c greater then two, formulas given in [6] allow computation of secular
rates of all elements, omitting ef_fects of planetary_ .flatténing. These
formulas have been tested by comparison with a Cowell numerical integratiofr
of an orbit approximating that of Atlas-Score. ;)ynamical effects in the atmos-
phere and gravitational effects of oblateness, sun, moon, etc. were not
included since the objective was to see whether Sterne's analysis adequately
approximated his model.

Results appear in Tatles 1 'and 2. Elements, and from them coordinates,
were computed at intervals of lOO.ilt» minutes, approximately.the period of the

satellite, by a simple recursion of the form

e n+1) = e(t ) + (tn+1 n) seé(tn)
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where ésec is the seculer rate given by formulas from [5]}. .In the last
column of Table 1 will be found Ar, the square root of the sum of the squares
of the difference between the Sterne and Cowell toordinates. Two points
about tkhe results seem worth mentioning. First, these errors correspond to
timing errors of & half second or so and are consequently a couple of orders
of megnitude below the random and sinusoidal errors discussed in Section 2.
They are probably comparable to the errors inherent in any method which omits
periodic effects. Secondly, there is n.o perceptible secular trend in Ar,
indicating that the method adequately accounts for the dominant effects.
For the final time, at the end of about nineteen revoiutions 3
Table 2 compares osculating elements calculated two ways. Values are also
given at the epoch, not only to Cefine the orbit, but salso to show that some

elements vary significantly from their mitia.i values.
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TABLE 1
t (min) M (degrees) or (feet)
1 100.1h - .334 15731.
2 200.28 - .598 15935.
3 300. 42 - .T91 16233.
ki 400.56 - .91k 16599.
5 500.70 - .966 17018.
6 600.84 - .948 1746h.
1 700.98 - .859 17913.
8 801.12 - .699 18333.
9 901.26 - JAh69 18706.
10 1001.%0 - .168 1899%.
1 "1101.5k4 .20k 19183.
12 1201.68 647 19240.
13 1301.82 1.161 1914k,
1 1401.96 1.746 18867.
15 © 1502.10 2.402 1838,
16 1602.2k 3.130 17672.
17 1702.38 3.928 1670k
18 1802.52 4,798 15458,
19 1902.66 " 5.739 13912,
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TABLE 2
£ =0 "t = 1902.66 DLLE,
STERNE COWELL
a (feet) | 23452296. 23393955. 23393335, - 620.
e .08ls52 .0822428 . 0822956 - .000528
i (degrees)| 32.305 32.303219 32.303216 .000003
o (degrees) | 206.240 206.24083 206. 24670 .00013
o (degrees) | 167.000 156.99925 166.998Th .00051
E (degrees) | + .305 x 10'6 6.291406 6.257795 .033611
M (degrees) 279 x 10‘6 5.736309 5.743829 - 00452
P (mins) | 200.24278 99.86896 99.86499 .00397
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6. EXTENSION OF STERNE'S FORMULAS

In [6], Sterne developes an expression (12a) for the secular rate of
change of period due to drag, assuming ¢ < 2 and making allowance for planetary
flattening. This section gxtends his work by driving corresponding formulas for
the other elewents: semi-major axis a, eccentricity e, angle of inclination i,
lorgitude of ascending node ), and argument of perigee w.

From [6], p. 780, we have '

2 4
eofio q.8in" E sin E
p__M)uet:.(].cosm:) [+ 1 - +q2 . + ]
' (1-e cos E) (1-e cos E)
-y e-c(l-cos E) g (8)
whefe
G(E) is an odd function of E
p is the density of the atmosphere at height b
Py is the density at perigee
q = (l-ea) Eq cos 2 w + (qz/z) sin? 2{8
o, = (1-¢2)%(d®/2) cos ko
. : ;
q =K ao £s8in 1 -
_ ao-bo
f= e and bo being the planets equatorial and polar radii
o respectively oo

= 3.35232987 :L 10°3 for the earth
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Since each of the expressions for the orbital elements contains an

integral of the form
2xn

| f p F(E)ar

0
and in each case F(E) is an even function of E, we need not concern

ourselves with G(E), the odd part of the expansion of p.
By definition In(x) is the Bessel function of imaginary argument

%
_ 40 L [ xcosy (
In(x) =1 Jn(ix) = f cos {ny)dy
: 0
By using recursion relations, any In(c) can be reduced to & sum of I&(c)

and IL,(c). ' : :
The secular charge in semi-major axis follows readily from Sterne's formula
(124) and the relationship between a and P. After & little manipulation,

there results

2% (1-0)% v a2 6 o (B1(c) + B I (e)]

e
§

- 8eg:

where .
C.A
e
Cy i the dimensionless aerodyz}aﬁic drag coefficient.
" A is the cross sectional area of the ujbellite

. m is the mass "of the satellite :
By =1+ 'ea(a thaaZe g & [tsm) - 1‘;(32#3 + D]+ * 9 32- (1-—-(342))
By ey - TSP + s+ Z)sed + g 2 [: Yo (341) + 32(14- )(32+h3+ .)]

- “e';‘E 'é"," (1+ ?)e(jwi] T
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up to but not including termc in eu, 49 e s qze

where

Ce
]
"I° glE

(l-e2 )l/ 2 cos i

From (3a) of the reference we have for the secula. Fate in eccentricity

an
. 2, abn
€sec = ” (1-¢%) = ./‘0 Fe(E)dE’
0
where. _ .
1/2 B 2 vl

1l+e cos E - l-e cos E T

Fe(E) = [m;—a (-2 T7e ¢os E) cos E - z'(l_e ) (l.-e cos E) x S _:_

(ZcosE-e»ecoszE)]

Expmding F (®) and keeping terms ép to ‘and ineluding 3, we obtain

1 5 [2(1-&)2 COs E + e (l-d); {d + (Sd+2)‘ cosa'E}_ -

Fe(E) = ?(l.e )

{2(6. +d-1) cos E + (Sdaﬂ) cos3s} ' |

g— { (36, +54:+4 ) cos® B + (2+d-7&2) cos. E}

+ co.] ) '

. Now P (E) 18 an even function of E, so,when ve maltiply F (E) ‘by the even .
_part of the expansion of p, we obtain for the mtesnnd, ,1(8) .. -

1(3) - El | ql et % Jze]_ ’, o
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whaere
Joe = 2(3.--:1)2 cos E + e(1-d) {a + (5d+2) cos® E}
+ et [2(&3«1-1) cos E + (5d2+1) cos3E]
&3 2 2 2y &4
+ 5 -(327+52+4) cos” B + (24d4-74") cos E}
+ ®*9e
z 3 2 5]
Jie = 2(1-d)"(cos E ~ cos” B) + e(1-d) jd + 6 cos” E - (d+6) cos 5
+ _ez [Z’(Zd-l) cos E + (6._2-10d+13) cosE - (dz-&i«t-ll) cossla |
$ e
C Joy = Z(IQd)Z(cos E-2cosSE +‘00853)

2e

+e {31(1-(1) + 5(6.2-7314-2) cos® E - (7d2-27<1+20)- cosh E

+ (3&2-13a+1o) 00863}

C# eee
And our expression for és ec Decomes
. - abn ~-C 2n )
®sec T "2 Py -lifF(E)dE
: - « 1
O .

Expressing F'l'(E) in terms of cosines of multiple angles, we have
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Joo = 2(1-<1)z cos E +-§- (1-a)] 78 + 2 + (5a+2) cos ZE-J

2
s E— (23&24-&1-5) cos E + (56.2-1»1) cos 3E]

3 _
- ;3 336.2 +174 +10 + 8 (5&2+Zd+1) cos 2E + (76.2-&-2) cos hﬂ

+ e

3y, =3 (1-2)%(cos & - cos 28) + 23-8) [54 +6 - U cos 2E - (a+6) cos kE

- | -
+ 8 B(d2+2d+7) cos E - (a%+10443) cos 3E - (a-62+411) cos 5E
LN
+ [ X N . :
3

e a% (l-d)z(_z-cos; E - 3 cos 3E + cos S5E)

+ 3, (1) Ez(lbgq) - (104133) cos 2E - 10(2-4) cos bE
-+ (10-33) cos 63}

+ *e

Noting that F,(E) is en even function we may write the integral as

. px
° T =C 1
€ ec = " gbn P = [ Fl(E)dE__
And using the definition of the. Bessel function, ve may integrete term

by temm to obtain

. ._ - . : .
€gee = - 8M p e {Doe”’qlnlefqzn‘?ef":.}

- - ~ - . e 5
N . B A I O T o " SPUNSE E L PR L
fe et R Mty e ey o I e+ e 2 O -
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where

D, = 2(1-a)° 1,(c) + $(1-a) [(7&-»2) I (e) + (5a+2) Iz(cﬂ
, .
v (i) 5o + (50%a) 1,0
- :‘t‘é E33d2+17d+10) I(e) + B(5a°s2a41) T(c) + (7a%-a-2) Il.;(")—
+ eae
e = 3 G0 G100 + G [(506)1,(0) - 10 100-(008) 3,0)
eZ 2 7.0 2 64 (
+ 3% 2(a 4_»2d+"() Il(c) ~ {d"4103+3) 13(c) - (a"-6d+11) 15(‘3)]
+ e.
b, = (1-0) 21, (c) - 31,(e) + @'
2¢ 8 _ L 3 5
+ 235 (1-a) | 2(10432) I (c) ~.(104133) L,(c) - 10(2-a) T,(c)

+ (10-33) Is(c;J

+ s e

Now we wish to reduce D__ + qy D;_ + g, D,, to the form B__ I (c) + B, L(e),

so we apply the recursion relations for In(é) and we obtain

* -C - ) i
ec "~ 802 p_e [Boe I(c) + B, Il(c)} |

e PPV :
% D - .- PR o o S wme s sepmn s EENDVNCTIIRS
boe KBS . e e v ee e antan, . s S NPT S - P - . -
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wheze

B = 2e(1-d)(3d+1) - e (5a°41) - 3 {5a% + 2a + 1 + -3 (7a2-a-2)
oe c e {3 + 2:"2‘ -

a r :
+ ..3; Lg(l-d)z . leil"é.(__lifi_"_‘;). + e° EiZ-Zd+9+ -1-% (d2-6d+11)}}

6(1:1)92 !L 4i-a) 5~a + }2('1‘2:")'}]

By = 2(2-4)° - 1-a)(5a42) + &® {7a2+za-1+ . (5a2+iﬂ
c

3
+ :;-c» i-d(17a+3) + -6-2- (7&24-2)}

- %—[ﬂ%dl- 2e (l-d) d+3+ 3 (o.+6)j

-
i

%:. 56, -22&4:514» = (d -6(1-!-11)}]

.)(l'dlq?

2 [z(,.-d;(u %)+ 8 {19& To- —9-5-1-9;—-]]

c

Developmwent of formulas for the elements i and Q proceeds in much the

same way, so details will be omitted. Assembling results, we have

(g.'ti?)sec =- %‘-abws sin i(i-e%)]'?a Py € " [oi o(c) + By Il(c)]

- - - o - w
PRes — : P R
. . ~ R e AT T s sty 0 ST s < PR S, - = .

- B Nt b wATE e b e s s . e L - =
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where

: 2
l J
B, = (1-a)(1+) - éf-r,zd + g- [(14&1\(1-131) - 6&,((;4-341)]

ogm

{1+W+6d+th(l+-6—2-ﬁ
L c

[

[ (1-d) 1+W(l+ itg)} - 23 {2+12W-5Wd+ }39{%—2 :-C-l—)—_ﬂ

B, ;.2-@_;3)3 + 2e[26‘. - (W1) + 2¥a (1 + -?‘--ﬂ

et

[+ 2e ti(mu L o - {3&4,1 W(5-a)(1+ _h_g )
. [¢]

w GIH

- 13 - W(1+32)(5+ 12)

c

W+1)(6a+1) + -- (1+w+6d+m) + —--E-]

f,\ll ,_.7

+ 2[(2-0) { 1w(2e -1-22-)} - -2—9 a(r+w) + 3W(1+ 9-)}
]

- %— e {~(l+3d)(1+w+ =) + =5 , 12N 5 (a-5)(3+ )IJ
- %[Q:;—‘-i)- {1 + 2W(3+ :2-):}

e _ o2
where. ' )

W = cos 2w

abws sin 200

flsec = - mz e-cpf[ I (C) + B Il(c)]

-e[1+w+§§(1+21w-1owa+i‘°ﬂ2-ﬁ)}]"
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where .
hed  e% ;  6(1+43d) e3 6
Boazl-d--—c—--l-—i 1'134""';2—]'?E+}4d(1+;'2')

2 _ ) 2
+ vé-!'-[ﬂg'_-]:). + 2e(a+ ::2%) + .23._:__. {d"S)(l‘b i&_g’)
3 >
+ .f.g. [(1-a)(1+ -lig.) - El*s Ez_sd . 1aozgz-dz}]
¢ c _ ¢

a
ZSd-l) 2 e 12
BlQ il - 2e E-Zd(l + -—-cz)] + 5= (1+3a)(5+ —--cz )

+e3|1+6a +-§2- (1+7a+.2..l'.% )
L C C ) .
9% . - 2 - _ . :
+o Q) ) - 2la 30, & Z}- S {3d+l - 3£ (5-a)(3+ i’g-}]
- c ] c c .
+ -E;-z- E&%.'};)(}!- i—g) +e £l+ gé- (21-104) + ;hgg (2-@}]

The relationship between argument of perigee and longitude of the node
gives at once

= = co8 1
sec co Qse

c

as in (6) of the reference. _ a
This completes the set of formulas for small c, including planetary

ﬂatten:ing. For a spherical earth, they may be simplified by setting

- q=q =q,= 0. Further study of these results is needed, along with
numerical tests like those reported in the preceding section. Some - _
investigation and experimentation will be required to establish the range of the 4
parameter ¢ for which each method is Vb:.lid and to ascertain whether these ranges:

meet or overlap.
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PART 1II
APPENDIX 1

ERRORS IN ORBITAL PREDICTIONS FOR METEOROLOGICAL
AND GEODETIC SATELLITES
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Part 11

APPENDIX 1

ERRORS IN ORBITAL PREDICTIONS FOR METEOROLOGICAL AND GEODETIC SATELLITES

The atmosphere traversed by artificial sstellites fluctuates 1la density, in

-sponse to solar activity, This fact was discovered by Priester [1} ; and has been

s -1 L e s . .
safirmed and smplified by meny workers {2, 3 J . The fiuctustions in atmospheric density

fo—

e one cause of errors in orbital p-edictions [l&, 5, 6, ‘?} , and they also introduce

. smbiguity into the determination of definitive orbits [8} « Knowledge of these
=nsity fluctuations has been used to construct & theorétical modei [14-, 5] of errors

1 orbital predictions. In this appendix theerrorsin orbiial predictions frr meteorologic
-nd geodetic satellites will be computed from the model and compaic<d with errors in

*tual predictions.

The theoretical model was derived from orbital acceleration of the esrly satellites
~ch a8 Sputnik III and Venguerd I. Dsta on the accelerations of satellites have
ntinued to sccumulate; some of the best data have been derived by Jacchis and Slowey [9
‘om the 3bsemtion8. of the balloon satellite, EXPLORER IX. Their data are shown in
Lure 1, :u whick the upper curve shows the rates of change of period caused by
mospheric drvg, and the lower curve skows the rates of chsnge of period caused by
lar radistion pressure. The autocorrelation functioﬁ {10} of the drag fluctuations is
>wn in Figure 1b. A periodicity of approximately 27 Gays, whkick is correlated with the
sion of active regions across the solar disk, is evident in the autocorrelation
_ction. The"short-term sutocorrelation function" in Figure lc was obtained by removing

- 27 day periodicity and trend from the orbital acceleraticn, and computing the auto-

rrelation function of the drag fluctuations whickh remained.* Figures 1b sand lc illustrat

The indicated correlation time of one or two days is an upper bound, because correla-
tions are introduced by tke procedure for deriving the orbital accelerations.
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the two components of drag variation whick were used in constructing the theoretical
model for errors in orbital predictions; a 27-day sinusoidel variztion and a short-

term {"random") fluctustion. A third source of error in predictions is the errors in

“. the tracking observati 1s.

e FTE g r

In the model fo- the errors in orbital predictions the root-mean-square error,

S (N), caured by the sinusoidal veriation in atmospheric density is given by

2 2
i A o + B
S(N) = =5 ) {l)
k
where
ascos(k_N)-.—% sin .j:.g}.;.é&- N2-11+2] 1 - cos ik .}5inl-
ik z 3 12 J N \
1 i J
[ 2 ‘2‘1
8N ( ik i"k
p = sin (EN) - kN + cos __.) -1 +
ik Zi+2$ L i 2 8
and
| -}
A = 5,2 hp D{ x 10

vhere hp is the height of perigee in kilometers, D is the smoothed rate of chsnge of
period (in minutes per revolution), i is the number of revolutions over which observation.
vere smoothed to derive the orbital elements and rate of change of period, k = 2n P/27
(vhere P is the pericd in days), end N is the duration of the predictions measured in

revolutions from the center of the smoothing interval.

P P f— ™ e . ] Bl L] a [ v et 7R T F L -
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The rms error, R [N), caused by random drag fluctuations is
1/2
3 3 [ L 2 ]

; N i 64 N N N .

R = r (G2 (5] |5 (7] - (7)) + (3] \8
L
r NZzif2>> 1

awe F o= 3.1 hp j D } b4 10'3. Within the smeothing interval (N <7i;) s the a¥pression

r the random error is more complicated, but can be calculated by the methods used in

pendices D and G of Reference b,

The rms error, O {N), caused by errors in the tracking observations, is

1/e
_ 2 2
4 M 16 [M+2 i N>
5 i ﬁ*‘?(“‘r) *RNM)FH - Fre $
0 (M) = -5= 3,
12“5"« a6t s 122 | M8 [Mr2 oM (
+ * M+2 3 M | (M+2)2

o

ixe M is the nuxber of independent observations in the smoothing interval of 1 revolution:
A ero is the equivelent observational error in minutes of time. The equivalent observa-
el error of a "semi-smooth" Minitrack observetion is about 0..)08 minutes of time.

re is avproximately one semi-swmootkh Minitrack observation per revolution of the satellit

On the assumption that the three errors are mutually independent, the total rms error

-an orbitsl prediction 1s

{

E(N) = [R(N)}a ¥ {S(N)} 2 4 {O(N)}a

The errors in orbital predictions for Vanguard I npesr the time of sunspot maximum

1/2
/ (%)

: been computed from equations (L};(2),(3),and (4). They are graphed in Figure 2 as
inction of the duration of tke predic tion, and compared with the rms error of twenty

"ictions issued by the Vanguard Computing Center in the Autumn of 1958. The smootking

T~ P L - o B - -
©ogel o mm W W 4 - - il ~ N oo
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1.terval was 89 revolutiocns. Notice that the errors did not change grestly within the

smoothing interval (N< i/2 = 45 revoluticns), but ! acreased rapidly outside.

Figure 3 skows & different kind of graph ir whicwu the error at the end of & one or
two-week prediction for Vanguard I, issued by Vanguard and NASA computing centerc; is
plotted &e & function of the year in which the prediction was made. Because of oblste-~
ness perturbations and the motion of the earth in its orbit, the position of parigee of
Venguard I moves in and out of the sunlight with & period of zeveral years. The air
drag is much larger in the sunllt hemisphere than in the dark hemisphere {1, 2, 3] .
Since the fluctustions in atnbspheric density are assumed in the model to be proportioncl
to the atmospheric density itself, the errors then should very with & period of
several years. Superimposed on this periodic variation is 2 slower downwerd trend due
te the decresse in air density correlated with the waning i the sunspot cycl~. It can
be seen from the giaph ihat ag8 perigee passed from sunlight to twilight and into darkness
the errors decreased, and the errors increased again as perigee passed beck into the sune
light. However, the actual errors in sunlight in 1961 were approximstely twice as large
as the _coretical model gave. This suggests that the percentege fluctuations in atmos-
pheric density have actually increased since 1953 instesad of remaining constant, as the
model assumes, or even declining with solar activity as one might gue:3. It would be
desirahle to see whetker a long series of predictions for any other satellite exhibits
this unexpected behavier, but ne other leng serli:s is available to the author. When
perigee was in the sunlight the errors in predictions for Vanguard I were caused meinly
by drag fluctuations, but when perigee was in darknezss the errers were caused mainly by
observationsl errers of the Minitrack system. (The curve for obserwvational error in
Figure 3 was higher in 1961 tkan ir 1958 because tke auration of tke predictions was

increased. )
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Figure 4 shows the errors in the one-to two-week orbital predictions tangential
% the path of the Tircs weather satellites, as & function of the number of revolutions
’:am the certer oi the smoothing interval. The Iiros I, II, and III satellites had
Ty similar orbits. The thecretical curve for only one of them is shoﬁn because
@% theoretical curves differ less than the actual errors do. The Tiros satellites
‘re so high that the errors in predicticns for them were censed almost entirely by

“e observational errors of the Minitrack stations, The root-mean-square errors of groups

i

‘ actual predictions for the three Tiro. satallites are indicated by the circle,
-langlas, and square in Figure 4. An error of 0.1 minute of time is equivalent to a
-itional error of approximately 40 xilometers tangential to the patk. The errors at

tht angles to the peth are an order of magnitude smaller.

Some of the meteoroclogists who rork with the TIROS westher pictures would like 4o
. the predictions to locate points on the pictures witkh better accuracy. When points
fthe ground can be recognized in the photographs, the cl-uds cen be located by photo-
Qmmtric reans with better accuracy than the sccuracy of the orbital prediction. But
jn the surface ieatures are unrecognizabvle, the clouds must be located by combining the
jicted orbital position with the orientation of the satelliie axes. The standard
iatica of the orbital pusition varies from 1/2 to 40 kilometers along the satellite’s

‘i, and is an order of magnitude smaller at right angles to the path.

=4

* Waen ground points are unrecognizab'e, there are three sources of attitude information
rared sensors pleced at 90° to the spin axis, infrared sensors placed at hSo to the
“n axis, and s mathematical model which uses the mognetic moment, gravity gradient,

eddy currents. The mathematical model can be used along with other attitude data [11]
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An examination of the Tires III attitude during July and August 1961 computed by
Natrella indicated that the standard deviations of the right sscension and declination
of the spin &xis were 2° and 3° ; respectively. At & slant range of 1,000 kilometers,
and error of 3° causes a positiorsl error of 47 kilometers. Thus the orbital prediction
and the attitude determinatien can both produce errors of epproxisctely L0 kilometers,
wrich it would be quite difficult to reduce. The best hope of locating clouds with
better accuracy, in the opinion of the writier, lies in exploiting the method of

variable development of the Tiros photographs, as described by Mendoza and Vasques [12]

of General Dynamics - aAstronsutics.
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PART IIX

APPENDIX 2

o

ON THE OPTIMUM CHOICE OF A SMOOTHING INTERVAL FOR COMPUTING

DEFINITIVE ORBITS OF ARTIFICIAL SM.')'E:LLI‘I‘}!S.’_E

%

E

I by
" Kenneth Moe

i

if

“‘\‘ #Presented at the COSPAR-IAG Symposium un the Use of Artificlal
Satellites for Goedesy, Washington, April 26-28, 1962
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INTRODUCTION

When orbits are computed for artificial earth satellites, it is found
that there are erratic fluctuastions in the orbital zlements, in addition
to the slow secular and periodic changes. These erratic fluctuations
are caused partly by observational errors, and partly by fluvctuations in
air drag. In constructing definitive orbits ior artificial satellites,
one tries to make the best compromise between introducing unreal fluctue
ations due to cbservational errors, and concealing reel fluctuations

by doing too much smoothing. In urder to devise a criterion for the
optimum smoothing interval, one must first know something about the
statistical properties of the fluctuetions in air drag; therefcre, we
shall first investigate the autocorrelations of the fluctuations.

Then we shall present a solution to the problem of choosing an optimm

smoothing interval.
STATISTICAL PROPERTIES OF AIR DRAG

Same of the best @a‘ba on satellite draé have been derived by Jacchia

and Slowey. Figure la shows their values of the orbital acceleration of
EXPLORER I (1), for the first of the four time intervals for which they
commuted accelerations. The sutocorrelation function has been derived

from these accelerstions and is shown in figure lb. The sutocorrelation

function, R(t), of a time function, y(t) is defined by
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The sutocorrelation function (2,3) shows how well the values of & time function
are correlated at any two times wvhich are seperated by the interval 1. Figure
1b reveals the 27-day period which is correlated with the moticn of active
reglons across the solar éisck, and a 4-day period which is believed by

Jacchia and Slowey to be caused by precession of the angular momentum vector
of the twmbling satellite., Figure lc shows the "short-tc'm autocorrelat on
function", which is obtained by removing 27-day and h-day sine waves from the

orbital acceleration.

Figure 28 shows the orbital acceleration of EXPLORER IX, also derived by
Jacchia and Slowey (4). Since this satellite is a large balloon, it is
strongly affected by radiation pressure. However, this effect has been
removed, leasving the acceleration due to astmospheric drag in the upper curve
of figure 2a. It is only atmospheric drag which is used to obtain the

autocorrelation functions shown in figures 2b and 2c.* The 27-day period

#A careful examination of the orbltal accelerations of EXPLORER IX reveals
that +the short-term autocorrelation functions are quite daifferent during
geomagnetically disturbed periods than during quiet periods. The short-term
autocorrelation function in figure 2c can be regarded as a weighted mean of
the two correlation functions.

T g T R N B ST TSR
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appears in figure 2b, but there is no other periodicity, hecause EXPLORER T

is spherical in shepe.

The short-term autocorrslaticn functions in figures lc and Z2c¢ indicate
that short-term fluctuations in atmospheric density are correlated
over one or two days. These correlation times are upper bounds
vecause of the correlations which were introduced by the smoothing
process employed in deriving the orbital accelerations. An attempt
to arrive at a lower bound is currently being made, It is based

on & comparison of the orbital accelerations of EXPLORER VI, which
hsd only two perigee passages a day, with those of other sstellives
which were being tracked at the same time. Until a definite value

for the lower bound hLas been determined, the correlation time of

one or two days will be used.

ERRORS IN CRBITAL PREDICTICNS

In order to obtain a criterion for the optimum smoothing interval,
we must determine how the drag fluctuations {ior which we now-have &
model) produce errors in orbital conputaeticns. We can accomplish this

by employing a theoretical model (5) for errors in orbital predicticns.

The reason for considering errors in orbital predictions, rather than
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crrors In o definitive orbit, i1s that in a fluctusting atmosphere the
acturl orbit ic difficalt to define vhereas the errors in an orbigal
p . ~tlon enn casily be determined.,

P

18 Giflicuit Lo derive o btheorebicul mudel fur Liie errors in orbital

fd
o
.

predictions when the fluctustions are correlated; therefore, it would be
desirsble tc be able to assime that the shorb-term fluctuations were
uncorrelated from one perigee passage o the next, and meke an appropri-
ate adjustment to the omplitude of the experimentally determined fluctu-
ations. The vresults of a calcuiation {6) comparing uncorrelated and
correlated modeis arc shown in figure 3 by curves a aud b respectively
for an orbit in which the elements are perfectly known st the epoch.

The correlated model assumes that the short-term fluctuvations arc
perfectly corxelated over intervals of 25 revolutions (a commoniy used
smoothing intervel) and uncorrelated from interval to interval. The
ordirsete in figure 3 is R{N)/F where R(N) is the r.m.s. error in an
orbital prediction caused by short-term fluctuati.o;s in dras, and F

is the r.m.s. fluctuation in drag from ore orbital revolution to the

next on the assumption that the {luctuations arc independent from

revolution to revolution, The abscissa ¥ is the number of orbital

revolutions measured from the epoch. The errors computed fram the
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correlated and uncorrelated models differ by a factor of 5 ia the
first revolution after the epoch but differ by less than 50% after 2%
revolutions; A third model (curve 3c) for the errers in predictions
with perfect initial elements has been derived from the dstsa on
EXPLORER I given by Jacchia aud Siowey (1}. This model includes the
h.day sine waves and the short-term sutocorrelastion functions, examples
of which are showm in figures 1b and le., There were actually four
time intervals for which accelerations of EXPLORER I were computed by
Jacchia and Slowey. The cross-hstched region in curve 3¢ shows the range
of errors for these four time intervals. The small initiel errors in
curves 3a, b and c cannot be attained in practice because the initial
elenents are not perfe:tly known, .ut must be obtained by smoothing.
The errors which shoula ;ne expected in practice are i{llustrated by
curve 3d which gives the resulis of & more involved celculatior (7)
assuming uncorrelated fluctuations, and elements derived by smoothing
over 24 revolutions., A comparison of the curves reveals thet it mekes
little Aifference whether the short-term fluctua.lors are assumed to

be corrsleted or not if the smoothing interval is at least as large

es the correlation time,

Sinc. it makes 1libttle dffference whether the short-term fluctuations

are assumed correlated or uncorreleted, the simpler uncorrelated case

¥ mos o f- TR @y F & | EmCCT g Es "
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is used in the model (5) for errors in orbital predictions. This model
assumes that the errors in orbital predictions are caused by observational
errors, O(N), by a 27-day simusoidal variastion in atmospheric density,
5(N), and by the short-term fluctuations, R(N), which are assumed to

be independent from revolution to revolution. The independent variable,
N, denotes the number of revolutions after the center of the interval

over which observations are smoothed to obtain the elements. The

total r.m.s. errsr is E(N) = {{o(n)]z + [s(ﬁ)]z + {R(N)]z} /2

The r.m,s. values of the observaticual, sinusoidal, and random errors

are given by the following oquations (5):

i )
N2 2 2 1/2
4 M +13C“+2) +32Ni | - . AN
. o M+2 4 M k'Y M+2
/vy
s NfeienGZl M 8 ("“’2)- 24
M+2 3 M M+ 22
. . J

(1)

N = 5 \/2‘ +BZ (2)
2 _
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P TR R R W) 5§ MR W F 3 GO A wp T eme LI %



i VOLY =L JUL =1 =y
- Page 42

where

) 2 o/ ik 64 2 i+ &\ ;
@ =COS (kN) ~-2- sm(._.n) . w2.itit2) -r-cos(—. sin f ik
ik 2 R 12 )

. .22
- ; 8N ik ik
"SlN kN - k P eoo—— — ] +
B=SINGN) - kN + =2 | COS ( - ) -

and
/2
3 .23 4 3 2
ANy =F (N +2{.L) s (i‘*_) - ;6(1*1.) . (ﬁ)
3 4 5 i i i
for
: x213/2
where

i = the smoothing interval in revolutions,

M = the number of indepe adent observations in .the smoothing -
interval,

A = 5.2h || x 1074,

h_ = perigee height in kilometers,
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D = rate of charre ri »eriod in mirutes -er revolution
-3
= 3.1h ID x 10

equivalent error of a single independent observation in
minvtss of time.

o
n

and

k¥ = (2#P/27) where P is the neriod in davs,

THE OPTIMO}M SI'OCTHING INTERVAL

The errors in one to two week orbital predictions (2) for a -large
number of satellites as given by the theoretical model; and as
ealculated from the actual predictions are compared in figure 4. %
The success of the model in describing the srrors in orbital
predictions encourapges us to emrloy the model also to dez;cribs

the errors at the end of the smoothing interval, which we wish to
use in our criterion for the opt mum smoothing interva.l, The
ontimm smoothing interval,io,is taker to be the number of
revolutions for which the error at the end of the smoothing interval
caused by observational errors alore is equal to an arbitrary

constant R. times the combined errvors caused by the random and

#The gloning line in fipgure 4 renresents the errors when dray
variations are the main cause of errors in predictions. Tlre
hor!sontal line applies where the obrervational errors of the
Minitrack system are the dominant cause of errors.
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sinugolidal variations, i.e.

O(N) = B [RZ(H) + sz(n)j /2
where
N o= 1/2

On substituting for O(N), 8(N), and R(N) from equations (1), (2)
and (3), end letting C ¥ (1M) be a constant for th. tracking system,

tnis criterion yields the =xpression

do1o1x16d € ool L ARAS 2 9 w‘(
o= 1o + 1 - 02215 :
82 £2 220 F2 © -

for

20 € i, < 200.

The lower bound on 10 is necessitated by approximations used in

deriving equation (3), while the upper bound is caused by truncation
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crrors in the cxpansion of the tripononetric functions. «ithin these

bounds eguation (4) can be solved by iteration.

An example of how the observational, random, snd sinusoidel errors
varied with the smoothing interval in the case of VANCGUARD I with its
perigee in darkness is shown in figure 5. The optimum smoothing
interval was calculated by equation (4) to be 130 revolutions for
this cese, when B was chosen to be equal to one, and there was one
independzsat Minitrack observation per revolution (C = 1). Two
exsmples of what heppens1f a smoothing intervel shorter or louger
than the optimm is used are shown in figures 6 and T respectively.
Figure 6 shows the acceleration of VANGUARD I smocthed over intervals
of 44 revolutions when perigee was in darkness (9). The fact that the
ascceleration was highly erratic and frequently went to zerc indicates
that too short a smoothing interval was employed. According to
equétion (4) the optimum smoothing interval in this case was 130
revolutions, Figurc 7 shows the atmospheric density derived from
tne rocket of SPUTHIK III. The density derived by Kolegov was
smoothed in overlapping interrals of approximately one week (10).

The optimmn smooihing interval in this case is estimated to have been
20 revoiutions., Many real fluctustions in atmospheric density were

caused t0 disappear by the use of sn excessively long smoothing
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interval, On the other hand, King-Hele presumsbly had s« small fraction
of the number of observations of the SPUTNIK IIT rocket available

to Kolegov, so the twe to three day smoothing interval King-llel.
employed probably was too short (11). It is hoped that in the

future the extromes illustrated in Tigures 6 and T can be svuided

by employing a smoothing interval appropriate to each particular

case,
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ERRORS AT THE END OF THE SMOOTHING INTERVAL
FOR VANGUARD I WITH ITS PERIGEE IN DARKNESS
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